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Abstract
In an accompanying paper, the application of the linear matching method to the high temperature life assessment of structures was discussed
and compared with assessment procedures, typical of those used in R5, for a range of cyclic problems within shakedown. These included
shakedown and limit analyses, creep rupture analysis and the evaluation of rapid cycle creep deformation. In this paper, procedures based on the
linear matching method are presented for a range of cyclic problems at higher stress ranges beyond shakedown involving changing residual stress
fields. These include the evaluation of the plastic strain amplitude, ratchet limit and accumulated creep strains during high temperature dwell
periods. The results are compared with calculation methods typical of the R5 methodologies. As in the accompanying paper, a 3D holed plate
subjected to cyclic thermal load and constant mechanical load is assessed in detail as a typical example. The results demonstrate the flexibility of
the linear matching method compared with current typical applications of high temperature assessment procedures.
q 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
High temperature integrity assessment procedures, of which
R5 [1] is an extensively used example, provide comprehensive
creep and fatigue assessment methods. For the evaluation of
the high temperature response of a defect-free component, the
operating lifetime may be limited by one or more of the
following mechanisms: (1) excessive plastic deformation; (2)
creep rupture; (3) plastic ratchetting or incremental collapse;
(4) initiation of cracking due to combined creep and fatigue
damage and (5) creep deformation enhanced by cyclic load.
These mechanisms are assessed in assessment procedures,
including R5, by simplified approaches which are less
restrictive than those based on elastic calculations, without
requiring the complexity of full inelastic computation. For
example, R5 uses reference stress and shakedown concepts [1].
These applications involve some conservatism as they rely
upon simple standard calculations. In recent years, a new
analysis method, the linear matching method (LMM), has been
successfully applied to a significant class of problems
involving cyclic behaviour and applied in conjunction with
the R5 procedures [2–10]. A summary of a solution sequence
based on LMM was shown in Table 1 of an accompanying
paper [11], which identified eight stages of the R5 procedure.
Stages 1–5 were considered in [11], involving modest cyclic
loadings within shakedown which could be treated with
constant residual stress fields, solved by shakedown and limit
analyses, creep rupture analysis and the evaluation of rapid
cycle creep deformation.
The purpose of this paper is to present the application of the
linear matching method to a range of more complex cyclic
problems (stages 6–8) involving more severe cyclic loadings
requiring a changing residual stress field. The results are
compared with calculations by means of typical application of
the current R5 assessment procedures. These cyclic problems
include the evaluation of the plastic strain amplitude and
ratchet limit [7–9], the creep strain accumulation and elastic
follow-up during a high temperature dwell periods [10].
For perfect plasticity when fluctuating temperature fields are
significant, the shakedown limit is often a reverse plasticity
limit, where, for a von Mises yield condition, the effective
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value of the amplitude of the variation of elastic stress equals
2sy, where sy is the uniaxial yield stress. If the fluctuation of
temperature is raised above this level, the shakedown condition
is exceeded but the cyclic plastic strains form a reverse
plasticity mechanism in a confined region and the body does
not suffer strain growth. Such a situation is often acceptable in
design and the significant limits then become the ratchet limit
and the need to limit creep-fatigue damage.
When the load history is in excess of shakedown but less
than a ratchet limit there are two properties required in low
temperature design, i.e. design below the creep range. The
amplitude of plastic strain provides information concerning
fatigue crack initiation in low cycle fatigue and the capacity of
the body to withstand additional constant mechanical load
indicates the proximity to a ratchet limit. A residual stress field
that varies during the cycle is associated with the reverse
plasticity that occurs at this stage.
Engineering structures exposed to high temperature
environment exhibit time dependent behaviour. The loadings
applied to high temperature structures often consist of severe
cyclic thermal stresses, possibly beyond yield, and relatively
smaller, steadier mechanical loads. Under these circumstances,
behaviour during periods of steady operation at high
temperature results in creep, and involves the relaxation of
initially high stresses as creep strain replaces elastic strain
[1,12].
In this paper, the example of a 3D holed plate subjected to
cyclic thermal load and constant mechanical load adopted in an
accompanying paper [11] is assessed in detail to assess the
applicability of the LMM assessment procedures for severe
cyclic loadings involving changing residual stress fields.
Numerical examples of the application of the methods to
practical problems including the notched bar [13] and a worked
example of a tubeplate [14,15] are presented in separate papers.
Notation
E; E1 effective elastic and plastic modulus, respectively
K bulk modulus
S0 creep flow stress
t1, t2 time instances
t, Dt time and cycle time
Z elastic follow-up factor
l, lUB load parameter and upper bound ratchet limit
multiplier
rij, rrij constant and changing residual stress field
m, m shear modulus and effective shear modulus
st0 specific maximum effective elastic thermal stress
sy, E, n yield stress, elastic modulus and Poisson’s ratio
s^ij linear elastic stress
s^qij, s^Pij elastic thermal stress and mechanical stress
sy0 initial yield stress of the material
sc creep stress
s0, _30, n creep materials constants
s von Mises effective stress
_3ij, 3 strain rate and von Mises effective strain
_3pij plastic strain rate
3^ij linear elastic strain
DuTi compatible displacement field
Dq temperature variation
Drij varying residual stress
Drpij, Drcij changing residual stresses associated with reverse
plasticity and creep relaxation, respectively
D rp, D rc effective changing residual stresses associated
with reverse plasticity and creep relaxation,
respectively
D s von Mises effective cyclic stress range
Ds^qij thermo-elastic stress range
D semax maximum effective elastic stress range
Dsij cyclic stress range
DsrD stress drop
D3eij cyclic elastic strain range
D3cij accumulated creep strain
D3c von Mises effective accumulated creep strain
D3pij cyclic plastic strain range
D3p von Mises effective cyclic plastic strain range
D3Tij total increment of strain
D3ij cyclic strain range
D3pmax maximum effective plastic strain range
D3el effective elastic strain drop during the relaxation.
Table 1
The materials data required for the computations involving changing residual stress field (stages 6, 7 and 8)
Stage Computation type The necessary materials data
1 Transient/steady thermal analysis Thermal conductivity, specific heat, density
2 Linear elastic analysis Young’s modulus E (single value or table of values for a
range of temperature), Poisson’s ratio n, coefficient of
thermal expansion a
6 and 7 Plastic strain range and ratchet limit Elastic-perfectly
plastic
Yield stress sy (single value or table of values at a range
of temperatures), D sZ2sy
Cyclic hardening Cyclic stress–strain data, D sZD sðD3pÞ
8 Creep relaxation Creep relaxation data
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2. Statement of problem
For any cyclic loading problem, the stresses and strain rates
will be asymptotic to a cyclic state where
sijðtÞZ sijðtCDtÞ; _3ijðtÞZ _3ijðtCDtÞ (1)
for many descriptions of material behaviour. The arguments in
this section do not require the material to be perfectly plastic
but apply to all cyclic states associated with stable, cyclic
inelastic material behaviour.
Consider a typical cycle in the time interval 0%t%Dt. The
cyclic solution may be expressed in terms of three components,
the elastic solution, a transient solution accumulated up to the
beginning of the cycle and a residual solution that represents
the remaining changes within the cycle. The linear elastic
solution (i.e. _3pijZ0) is denoted by ls^ij and l3^ij. The general
form of the stress solution for cyclic problems involving
changing residual stress fields is given by
sijðxi;tÞZ ls^ijðxi;tÞC rijðxiÞCrrijðxi;tÞ (2)
where rij denotes a constant residual stress field in equilibrium
with zero surface traction on part of the surface ST, and
corresponds to the residual state of stress at the beginning and
end of the cycle. The history rrij is the change in the residual
stress during the cycle and satisfies;
rrijðxi;0ÞZ rrijðxi;DtÞZ 0 (3)
The purpose of the linear matching method is to evaluate
both rij and rrij with sufficient accuracy, using the same
material data normally available for the assessment procedure.
A changing residual stress corresponds to loadings in excess
of the shakedown limit. The corresponding loading regime is
divided into two parts;
(a) The reverse plasticity/plastic shakedown region
In this region, a closed cycle of plastic strains occurs in the
region of the structure where the elastic stress variation exceeds
the yield condition irrespective of the constant residual stress
field. This region is surrounded by material that responds
elastically and no net growth of plastic strain occurs, although
there are maximum amplitudes of plastic strain D3p at stress
concentrations or positions of high fluctuation of thermo-
elastic stress.
(b) Ratchetting region
In this region, increments of plastic strain occur each cycle,
as well as local amplitudes of plastic strain.
The boundary between these two regions provides the
ratchet limit.
3. Material data
Materials data requirements are listed in Table 1 for various
types of computations involving changing residual stress field
(stages 6, 7 and 8). For plastic shakedown analyses, including
the evaluation of the plastic strain amplitude and ratchet limit,
both elastic-perfectly plastic and cyclic hardening models are
considered. Either a single value of yield stress or a table of
values at a range of temperatures is used. When using the cyclic
hardening model, cyclic stress–strain data, D sZD sðD3pÞ, are
necessary for the assessment. For the evaluation of the
accumulated creep strains during a high temperature dwell
periods, creep relaxation data need to be provided.
The particular functional forms and material coefficients
adopted in the paper are listed in Table 2. In stages 6 and 7, the
same elastic-perfectly plastic model as used in an accompany-
ing paper [11] is adopted, and, in addition, an elastic-linear
strain-hardening model is considered in the calculation, as
shown in Fig. 1, where the stress and strain quantities are von
Mises effective values. The cyclic data are expressed in the
linearised form D sZ2syC ð E E1= EK E1ÞD3p, where E and E1
are effective moduli relating equivalent stress and strain. The
perfectly plastic case corresponds to E1Z0. In stage 8, in order
to simplify the material data collection, we use the same steady
state creep data in [11] to evaluate creep relaxation. Normally
creep material data for the evaluation of creep relaxation differ
Table 2
The particular functional forms and material coefficients adopted in the paper
Stage Young’s modulus EZ
208 GPa
Poisson’s ratio nZ0.3 Coefficient of thermal expansion a 1.25!10K5/8C
2, 6 and 7 Elastic-perfectly plastic model: yield stress syZ360 MPa
Cyclic hardening model: D sZ2syC
E E1
EKE1
D3p
8 _3csZBexp ðKQÞðqC273Þ
h i
sn (hK1)
Ln (B)Z K19.607755 Q Z 1.97!104 (K) n Z 5
Complete cyclic hardening
Fig. 1. The elastic-linear strain-hardening model.
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from those for forward creep. However, the data are used here
for comparison and illustration purposes only. As in [11],
identical data are chosen for both the R5 assessment and the
LMM procedure.
A transient/steady thermal analysis and the corresponding
linear elastic analysis are required before the assessment of
cyclic problems involving changing residual stress field. All
material data shown in Table 2 for transient/steady thermal
analysis and the linear elastic analysis are the same as those in
[11].
4. Assessment methods that require a varying residual
stress field
Stages 6–8 in Table 1 all involve calculations that require an
understanding of the variation of the residual stress during the
cycle. Stages 6 and 8 are concerned with the evaluation of local
reverse plasticity and local creep relaxation strains usually at
the position of maximum thermo-elastic strain amplitude.
Stage 7 evaluates the ratchet limit corresponding to limited
cyclic hardening. For these calculations, LMM and R5 adopt
radically different approaches. R5 makes use of a classical
method for the evaluation of plastic strains at a stress
concentration, the Neuber method [16]. For evaluation of
creep strains, the concept of elastic follow-up is used with a
number of methods provided for the evaluation of the elastic
follow-up factor Z [1,12]. LMM evaluates the plastic strain
range directly as a continuum problem with some simplifica-
tions. This solution is then adapted to evaluate the additional
creep strains due to creep as a continuum problem, although
again there are certain simplifications discussed below.
4.1. Stage 6—plastic strain amplitude
4.1.1. Linear matching method
The plastic strain amplitude for perfect plasticity depends
only on the amplitude of the variation of the elastic stress
history. A complete description of the method of evaluating
D3pij is given by Ponter and Chen [7,8], and the following is a
brief summary.
The plastic strain history within the reverse plasticity
regime consists of a closed cycle summing to zero strain over
the cycle. For the case where the varying elastic stresses are
characterised by two extremes at times t1and t2, as is the case of
our example, we assume that equal and opposite plastic strains,
D3pij andKD3
p
ij, occur. These produce variations of the residual
stress fields that are also equal and opposite, Drij and KDrij,
given by the solution of the following linear continuum
equations
D3T
0
ij Z
1
2m Dr
0
ijCD3pij (4)
D3TkkZ
1
3K
Drkk (5)
where m is the elastic shear modulus, K is the elastic bulk
modulus and 0 denotes the deviatoric component. The total
increment of strain D3Tij is compatible with a displacement field
DuTi . The evaluation of D3
p
ij follows an iterative procedure
similar in form to the linear matching method for shakedown
[11]. Corresponding to an initial estimate of D3pijZD3iij a
distribution of shear modulus m is found by matching the
amplitude of stress induced by D3iij to twice the yield stress;
2syZ
3
2
 
2 mi 3½D3iij (6)
We then pose a linear continuum problem for new estimates
Drfij, D3fij and D3Tfij by combining Eqs. (4) and (5) with the
relationship
D3Pij Z
1
2 m ½lDs^
0
ijCDr0ij (7)
where Ds^ij denotes the elastic stress range and 0 denotes the
deviatoric component.
Upon repeated application of this algorithm, a converged
solution is obtained where the amplitude of the stress range
sðlDs^ijCDrijÞZ2sy in regions where D3pijs0. The resulting
effective plastic strain amplitude D3pZ 3ðD3pijÞ is an exact
calculation, i.e. would yield the same result as a step-by-step
calculation, except for the assumption that the plastic strains
occur at a stationary position on the yield surface, the position
associated with D3pij. Comparisons with step-by-step calcu-
lations indicate that this approximation has little effect on the
resulting amplitude as we show for the example discussed
below.
In our example, the varying component of elastic stress is
given by the thermo-elastic stress. Fig. 2 shows the variation of
maximum D3p with the effective value of the maximum
thermo-elastic stress D sqat the edge of the hole for the elastic-
perfectly plastic model. Clearly, D3pZ0 for D sq%2sy. In
order to verify the results obtained by the linear matching
method, the maxima of the varying plastic strain magnitudes
for an elastic-perfectly plastic model calculated by an
ABAQUS step-by-step analysis are also shown in Fig. 2. It
can be seen that the numerical results by LMM and ABAQUS
step-by-step analysis are coincident.
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Fig. 2. The maximum of the varying plastic strain magnitudes in the reverse
plasticity region, D3pmaxZ
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The influence of cyclic strain hardening may be included in
the calculation by requiring the value of 2sy in the matching
condition of Eq. (6) to depend upon plastic strain amplitude, so
that m is given by;
2sy½D3pZ
3
2
 
2 mi 3½D3iij (8)
In this paper, we adopt an elastic-linear strain-hardening
model discussed in Section 3 to describe the cyclic hardening.
Hence, Eq. (8) becomes
2syC
E E1
EK E1
D3p Z 3
2
 
2 mi 3½D3iij (9)
The resulting iterative procedure converges and provides a
solution where the amplitudes of plastic strain and stress are
related by the defined relationship. For the linear relationship
shown in Fig. 1 and for values of the plastic hardening curve of
E1Z E=7, E1Z E=4 and E1Z E=3 the resulting relationship
between plastic strain and thermo-elastic stress amplitude is
shown in Fig. 2. The plastic strain amplitude is markedly
reduced by cyclic hardening.
With LMM, the constant or changing residual stress field
can be obtained directly. This is another merit of the linear
matching method. Fig. 3 presents contours of effective elastic
stress amplitudes induced by varying thermal loads (DqZ
600 8C). The changing residual effective stress associated with
the reverse plasticity mechanism is then calculated as described
above and shown in Fig. 4 with von Mises effective values. It
can be seen that the maximum stress range equal to the elastic
stress range augmented by the changing residual stress field, for
varying thermal loads (DqZ600 8C) in Fig. 5, is no more than
twice the yield stress of the material. The contour of effective
plastic strain amplitude associated with the reverse plasticity
mechanism for DqZ600 8C is presented in Fig. 6. These plastic
strain amplitudes are produced by the calculated changing
residual stress field in Fig. 4, based on which the low cycle
fatigue damage can be evaluated.
4.1.2. R5 assessment
In most assessment procedures, including R5, the plastic
strain amplitude is normally calculated by the Neuber method
[16]. However, the Neuber approach may be over-conservative
and can be further improved as discussed in [8].
This method adopts the observation, made by Neuber, that
at a stress concentration the product of the stress and total strain
amplitude DsijD3ij is insensitive to the material constitutive
assumptions. This result has a close relationship to the J
integral and HRR field properties at a crack tip [17–19]. Here
we may equate this quantity for the two cases of perfect
plasticity, D3ijZD3eijCD3
p
ij and purely elastic behaviour
D3ijZD3^ij, producing the following expression for the
elastic-perfectly plastic model,
D3Pmax Z
D semax
 2
2sy E
K2sy E (10)
Fig. 3. Contours of changing effective elastic stress induced by varying thermal
loads (DqZ600 8C).
Fig. 4. Contours of changing residual effective stress associated with the
reverse plasticity mechanism induced by varying thermal loads (perfect
plasticity, DqZ600 8C).
Fig. 5. Contours of the augmented linear elastic solution by the changing
residual stress field for varying thermal loads (perfect plasticity, DqZ600 8C).
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When adopting the elastic-linear strain-hardening model
D sZ2syC ð E E1=ð EK E1ÞÞD3p, the maximum plastic strain
amplitude D3Pmax determined from Neuber’s rule is given by:
E3 E1
ð EK E1Þ2
D3Pmax
 2
C2sy E
EC E1
EK E1
D3Pmax
C4s2yK D semax
 2Z 0
(11)
Fig. 7 shows a comparison of this prediction with the LMM
calculations for both perfect plasticity and elastic-linear strain-
hardening with E1Z0:25 E. When adopting the hardening
material model, the Neuber approximate values are in good
agreement with the maximums of the varying plastic strain
magnitudes by LMM. When adopting the elastic-perfectly
plastic model, the Neuber approximate values are significantly
different from LMM results for high thermal stresses.
The Neuber method is most suitable for cases where the
maximum stress is produced by a stress concentration. For the
holed plate, it is demonstrated that the Neuber approximate
method is more suitable for structures subjected to varying
mechanical load rather than varying thermal load when
adopting the elastic-perfectly plastic model. It can also be
seen that the Neuber approximate values are conservative,
which is important for engineering applications.
The calculations above, as described, assume that the load
amplitude l is prescribed and we seek the corresponding
amplitude of plastic strain. Although not discussed here, it is
possible to adapt the method so that an acceptable amplitude of
plastic strain is prescribed and the corresponding value of l is
evaluated.
4.2. Stage 7—evaluation of the ratchet limit
4.2.1. Linear matching method
At the present stage of development of LMM, the ratchet
limit is evaluated by making use of the subdivision of the
loading history into two components, varying and constant
components, as discussed in Section 2. The evaluation of the
plastic strain range provides a new history of stress with
extreme values sij(t1) and
sijðt2ÞZ sijðt1ÞCDs^qijCDrij (12)
where the stress at time t1 is given by
sijðt1ÞZ ls^Pij C s^qijC rij (13)
where rij is a yet unknown constant residual stress field at the
beginning of the cycle. Hence, we arrive at a shakedown
problem where we require the maximum value of l so that both
sij(t1) and sij(t2) satisfy yield.
Once the variable residual stress field Drij has been
calculated (Section 4.1), the numerical technique for the
ratchet limit can be accommodated within the existing methods
of shakedown analysis [2,5] where the linear elastic solution is
augmented by the changing residual stress field. The upper
bound shakedown theorem is then given by
ðDt
0
ð
V
sij _3cijdt dV Z
ðDt
0
ð
V
scij _3cijdt dV (14)
sij Z lUBs^Pij C s^qijðxi;tÞCrrcij ðxi;tÞ (15)
where scij is the stress at yield associated with _3cij, rrcij is a
changing residual stress and sij is a stress field equal to the
linear solution associated with the load history augmented
by the changing residual stress field. If only two
distinct extremes to the elastic solution, t1 and t2 are
Fig. 6. Contours of effective plastic strain amplitude associated with the reverse
plasticity mechanism for varying thermal loads (perfect plasticity, DqZ
600 8C).
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considered, we have
l
ð
V
s^Pij½D31ijCD32ijdVC
ð
V
½ðs^qijðt1ÞCrrcij ðt1ÞÞD31ij
C ðs^qijðt2ÞCrrcij ðt2ÞÞD32ijdV
Z
ð
V
sc
1
ij D31ijCsc
2
ij D32ij
 
dV (16)
where
rrcij ðt1ÞZ 0; rrcij ðt2ÞZDrij; s^qij½t1Z sqij;
s^qijðt2ÞZ sqijCDsqij and D3cij ZD31ijCD32ij
(17)
For the von Mises yield condition and the associated flow
rule, we have
ð
V
sc
1
ij D31ijCsc
2
ij D32ij
 
dV Z
ð
V
X2
lZ1
sy 3½D3lijdV (18)
where
3½D3lijZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
D3lijD3lij
q
(19)
Thus, an upper bound on the ratchet limit multiplier can be
computed as
lUBZ
Ð
V
P2
lZ1
sy 3½D3lijdVK
Ð
V ½ðs^qijðt1ÞÞD31ijCðs^qijðt2ÞCDrijÞD32ijdV
Ð
V s^Pij½D31ijCD32ijdV
(20)
On the basis of this formulation, the method of [2,5] may be
applied, producing a sequence of monotonically reducing upper
bounds lkUB, which converge to the least upper bound for the
chosen class of displacement fields.
The resulting ratchet boundary is shown in Fig. 8. The effect
of cyclic hardening may be assessed by replacing sy by the
value obtained from the plastic strain range calculation above
and, in regions where D3pZ0 leaving sy at the assigned value.
This results in a ratchet limit where the value of l is such that
the stress history of Eq. (2) is less than the cyclically hardened
value in the reverse plasticity region and less than the
monotonic yield stress elsewhere. The result of such a
calculation is also shown in Fig. 8. Note that the effect of
cyclic hardening on the ratchet limit, for this problem at least,
is insignificant. This suggests a simplified estimate of the
ratchet boundary that is not reliant upon the assumption of two
extremes in the elastic stress history, discussed below.
4.2.2. Simplified method for the ratchet boundary
If the ratchet boundary is insensitive to cyclic hardening,
then let us assume complete cyclic hardening as shown in
Fig. 1. In this case the stress history at the ratchet limit is given
by s^ijC rij where, in regions where the amplitude of the elastic
stress exceeds yield, the yield stress is increased sufficiently to
allow shakedown to take place. For the case of two extremes to
the elastic stress history, this requires that
syZ sðDs^qijÞ=2 (21)
when this value exceeds the assigned value. For the case of
three or more extremes to the elastic stress history, the
evaluation of the ratchet boundary comprises two steps [14].
The first step is to solve a rapid cycle solution (Section 5.4 of
[11]) using LMM. We assume that the reverse plasticity region
then occurs in the regions where the calculated flow stress
exceeds the yield stress. We now increase the yield stress in
this region so that reverse plasticity is eliminated
syZ S0 if S0Rsy0 (22)
where sy0 is the initial yield stress of the material and S0 is the
flow stress.
The second step is to perform a conventional elastic
shakedown analysis using this new definition of yield stress.
The effect of locally increasing the yield stress as described
above is to take the load point into the shakedown regime. The
standard shakedown method may then be used to calculate the
capacity of the body to withstand an additional constant load
before ratchetting takes place. The resulting shakedown limit is
equivalent to assuming complete cyclic hardening, which was
demonstrated by the example of a tubeplate in [14].
For the example of the holed plate, this produces the points
labelled as CCH (complete cyclic hardening) in Fig. 8. Except
at very high thermal loads this estimate is very close to the
perfectly plastic case.
4.2.3. R5 assessment
In the R5 assessment method a state of global shakedown is
allowed in excess of elastic shakedown, based upon the
behaviour of particular solutions given in the literature in the
past, particularly from transient thermal loading problems.
Global shakedown is defined as the state where elastic
shakedown is satisfied in at least 4/5 of any section of the
structure, i.e. in less than 20% of any section thickness, is the
Fig. 8. The elastic, shakedown, reverse plasticity and ratchet regions for the
holed plate with mechanical and thermal loading.
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steady state cyclic stress beyond yield
sðls^ijðxi;tÞC rijðxiÞÞRsy (23)
where s is the von Mises effective stress, ls^ijðxi;tÞ is the
elastically calculated stress and rijðxiÞ the residual stress which
is constant with respect to time t. For a complex structure this
criterion is not always easy to apply, but in the case of our
example it is straightforward; the section comprises the line AB
in Fig. 2 of [11], i.e. the minimum section.
In typical R5 calculations, a calculated thermal stress
rijZas^qijðtÞ, where t is some instant in the cycle, is adopted as a
candidate residual stress field. For our example, the best lower
bound possible by this approach is given by a straight line
between point E determined by the above strategy, and the
elastic limit of the mechanical load, point D as shown in Fig. 8.
A significant difference can be seen between the ratchet
limits obtained by LMM and this simplified R5 procedure,
primarily because the choice of rijZas^qijðtÞ provides a poor
approximation for the residual stress associated with the limit
load and because there is no evaluation of the changing residual
stress history in R5.
5. Stage 8—creep strains during a high temperature
dwell period
5.1. Linear matching method
By the evaluation of the creep-reverse plasticity mechanism
for bodies subjected to thermal cyclic loading including creep
effects, the accumulated creep strain, the varying flow stress
and the corresponding varying residual stress field during a
high temperature dwell period were evaluated by LMM in [21]
as well as the elastic follow-up factor. Three alternative
computational strategies were discussed with differing but
related assumptions. Methods 1 and 2 were derived by adapting
an existing method for the evaluation of the plastic strain
amplitude as shown in Section 4.1. In Method 1, we assume
that relaxation takes place with a constant elastic follow-up
factor and there is no growth of total strain over the cycle.
Method 2 retains the zero growth assumption but does not
assume a constant value of Z. Method 3 performs a monotonic
creep computation, where the start-of-dwell stress is deter-
mined by the rapid cycle solution using the Bailey–Orowan
model [21], and allows for overall growth of strain and gives a
different initial stress to that of Methods 1 and 2. All three
methods provide similar values for the elastic follow-up factor,
indicating that the result is insensitive to the assumptions made.
The simplest method, Method 1, is suggested as the basis of a
general purpose method for use in life assessment.
In order to simplify the problem, the following assumptions
are made; there are only two distinct extremes to the elastic
solution, at times tZt1 and t2, a von Mises yield condition
applies and the elastic behaviour is isotropic. A schematic of a
typical load history is shown in Fig. 9. The structure is
subjected to high temperature into the creep range, beginning at
time t1 followed by a dwell period Dt and then a return to low
temperatures at time t2. Hence creep relaxation occurs in the
body during the dwell period Dt and plasticity appears in the
body at times t1 and t2. This paper discusses two kinds of creep-
reverse plasticity mechanisms for the cyclic loads shown in
Fig. 9. Fig. 10(a) shows, schematically, the case where the load
range exceeds the reverse plasticity limit, and the plastic strain
increment D3pij as well as the associated residual stress range
Drpij occurs at both extremes of the load cycle. This is
determined before the evaluation of the accumulated creep
strain D3cij and the corresponding residual stress Drcij for creep
relaxation. The total varying strain D3rpij is the summation of
D3pij andD3cij. Fig. 10(b) shows the case where the load variation
is below the elastic shakedown limit, i.e. D3pijZ0; Dr
p
ijZ0, and
the total varying strain D3rpij ZD3cij in the steady state. For the
creep-reverse plasticity mechanism (Fig. 10(a)), the strain
increment during the loading cycle is split into two increments,
i.e. the plastic strain increment and the creep strain increment.
Note that the accumulated creep strain D3cij is shown as
associated with a flow stress surface sZconstant, and the
plastic strains D3pij are associated with the yield surface sZsy.
This corresponds to the simplest of the methods, described in
Section 6.
The solution scheme consists of two parts as illustrated in
Fig. 10. Initially creep relaxation is ignored and the amplitude
of plastic strain D3pij is evaluated by the LMM as described in
Section 4.1. The solution method is then repeated with the yield
stress at time tZDt being taken as sc. Hence, a linear
coefficient mi for the evaluation of the creep relaxation is
defined by
syCscZ
3
2
 
2 mi 3½D3ciij  (24)
where sc is evaluated by the following formulations
scZ s0
_3F
_30
 !1=n
(25)
D
B
C
Fig. 10. Creep-reverse plasticity mechanisms for steady cyclic loads.
∆t ∆t ∆t ∆t
q
t1 t2 t t1 t2 t
P
Fig. 9. The load history with two distinct extremes to the elastic solution.
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where
_3FZ D3
c
Dt f ðsf ;D r
c
;nÞ
Z
D3c
Dt
ðscÞn
D rc
1
nK1
1
ðscÞnK1
K
1
ðscCD rcÞnK1
 	 	
(26)
Two load cases are shown in Table 3 For load case a, the
applied load domain is beyond the elastic shakedown region
and the reverse plasticity mechanism appears adjacent to the
hole. The maximum effective amplitude of plastic strain D3p
for this case is 2.869!10K3, and the total varying strain D3rpij ,
including creep relaxation is the summation of varying plastic
strain D3pij and accumulated creep strain D3cij. For load case b,
the applied load domain is in the elastic shakedown region,
where D3pijZ0; Dr
p
ijZ0, and the total varying strain D3
rp
ij
equals the accumulated creep strain D3cij induced by creep
relaxation. Figs. 11–13 present the variations of the calculated
maximum von Mises creep flow stress, the maximum von
Mises creep strain and the elastic follow-up factor Z with creep
dwell time for a holed plate subjected to thermal loads varying
from 0 to 1.5st0and from 0 to 0.8st0, respectively. Solutions for
Methods 1 and 2 are coincident, indicating that the assumption
in Method 1, that Z remains constant during the relaxation
process, is acceptable. The results from Method 3 also show
good agreement with those from Methods 1 to 2 for thermal
loads varying from 0 to 1.5st0. This numerical result
demonstrates the applicability of the proposed creep-reverse
plasticity solution of Methods 1 and 2 as well as the monotonic
creep computation of Method 3 based upon rapid cycle creep
solutions.
For load case b where the thermal load varies from 0 to 0.8
st0, the solution for Method 3 tends to give higher values of
creep flow stress and strain, although the Z values are close to
those of Methods 1 and 2. For all solutions, Methods 1 and 2
give near identical values. This indicates that Method 1, the
numerically most efficient of the methods, is acceptable.
5.2. R5 assessment
The concept of ‘elastic follow-up’ was introduced in R5 to
allow determination of quantities serving as measures for life
Table 3
The definition of load domains for the holed plate
Case The cyclic thermal load Dq D3P D3rp
a 1.5st0/0/1.5st0/0/1.5st0. 2.869!10K3 D3PCD3c(t)
b 0.8st0/0/0.8st0/0/0.8st0. 0 D3c(t)
0
50
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200
250
300
350
400(a) (b)
0 10 20 30 40 50
Time (hrs)
St
re
ss
 (M
Pa
)
creep-reverse plasticity solution 1
creep-reverse plasticity solution 2
inelastic creep solution 3
0
50
100
150
200
250
300
350
0 15 30 45 60 75
Time(x1000 hrs)
St
re
ss
 (M
Pa
)
inelastic creep solution 3
creep-reverseplasticity solution 1
creep-reverse plasticity solution 2
Fig. 11. The maximum flow stress with creep dwell time for a holed plate subjected to varying thermal loads; (a) from 0 to 1.5st0; (b) from 0 to 0.8st0.
0
0.0002
0.0004
0.0006
0.0008
0.001
0.0012
0.0014
(a) (b)
0 10 20 30 40 50
creep-reverse plasticity solution 1
creep-reverse plasticitysolution 2
inelastic creep solution 3
Time (hrs)
Creep Strain
0
0.0002
0.0004
0.0006
0.0008
0.001
0.0012
0 15 30 45 60 75
Time(x1000 hrs)
Creep Strain
creep-reverse plasticity solution 1
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Fig. 12. The maximum creep strain with creep dwell time for a holed plate subjected to varying thermal loads; (a) from 0 to 1.5st0; (b) from 0 to 0.8st0.
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assessment of structures subjected to creep conditions without
performing full time-dependent structural analysis. The
process may be described by an equation of the form
d3c
dt
C
Z
E
d s
dt
Z 0 (27)
where Z is called the elastic follow-up factor, which
characterises the stress–strain path followed as a result of
creep during periods of steady operation at high temperature,
with for example, ZZ1 for relaxation at constant strain and
Z/N for forward creep at a constant stress. In the R5
procedures [1], three options are currently available for the
evaluation of this factor on the basis of the shakedown
reference stress. In these three options, the most effective way
to assess elastic follow-up is to perform a monotonic elastic-
creep computation. Although this option requires inelastic
analysis, it is not necessary to consider alternating plasticity
and creep nor to analyse large numbers of cycles to obtain a
steady state. The option therefore remains much simpler than
assessment by full inelastic analysis and is an approximate
method due to the use of the shakedown reference stress
technique (See Fig. 14).
In Fig. 14, Z is assumed to be a constant between points A
and B. Point A is defined by the partially relaxed stress being
equal to the start of dwell stress, which is determined by the
shakedown reference stress, and point B by further relaxation
by the stress drop DsrD which would occur from that stress in a
simple relaxation test. Hence, the elastic follow-up factor Z at
point B can be approximately calculated by
Z Z
D3c
D3el
Z
D3c
DsrD= E
(28)
where D3c is the accumulated effective creep strain between
points A and B.
The calculated elastic follow-up factors Z with differing
creep dwell times by the above typical R5 procedure are shown
in Fig. 15. The comparison between the R5 and LMM solutions
shows that the current R5 method provides much more
conservative elastic follow-up factors than the LMM
procedure.
6. Discussion
By the application of both LMM and methods typically used
with the R5 procedures on a holed plate, this paper
demonstrates that LMM presents significantly less conserva-
tive solutions than calculation methods typical of R5
methodologies for the evaluation of plastic strain range, ratchet
limit and creep relaxation. LMM involves the sequential
solution of initial strain problems and has been implemented
within a standard commercial finite element code ABAQUS
[20] and applied to a range of problems [13–15]. LMM is
capable of reproducing, with satisfactory accuracy, ratchet
limits and varying plastic strain magnitudes for 3D structures
subjected to varying and constant loads. The associated varying
residual stress can be evaluated directly. The elastic follow-up
factor Z is assumed reasonably to be a constant when the creep
relaxation is dominated by the thermal stress. Further
investigations of the effects of a dominant mechanical stress
on creep will be addressed in the future. Only two load
instances are considered in this paper for the evaluation of
plastic strain ranges and creep relaxation. For the general case
of arbitrary loading, a more complicated LMM needs to be
developed.
0
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0 10 20 30 40 50
Time (hrs)
inelastic creep solution 3
creep-reverse plasticity solution 2
creep-reverse plasticity solution 1Z Z
0
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2
0 15 30 45 60 75
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creep-reverse plasticity solution 1
creep-reverse plasticity solution 2
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Fig. 13. The elastic follow-up factor Z with creep dwell time for a holed plate subjected to varying thermal loads; (a) from 0 to 1.5st0; (b) from 0 to 0.8st0.
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Fig. 14. Estimation of Z from monotonic elastic creep analysis in R5.
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In the R5 procedures, Neuber approximations [16] are
adopted to evaluate the varying plastic strain magnitudes. The
Neuber method yielded satisfactory predictions of strain
amplitudes provided significant cyclic strain hardening was
assumed. In the case of perfect plasticity the Neuber solution
significantly overestimated the strain amplitude for the thermal
loading problem considered here. The Neuber value is clearly
accurate for stress concentrations but less so when thermal
stress dominates.
In the R5 procedures, in order to evaluate the ratchet limit, a
combination of thermal stresses was adopted to simulate
approximately the constant residual stress associated with the
shakedown mechanism. Global shakedown is defined as the
state where elastic shakedown is satisfied for at least 4/5 of any
section of the structure. Hence, R5 only produces a lower
bound ratchet limit of variable accuracy, depending upon the
details of the load history. It can be seen that LMM produces a
much less conservative ratchet limit. It is also demonstrated
that the R5 monotonic elastic-creep computation combining
the reference stress technique produces more conservative
creep relaxation solutions than the LMM options. The LMM is
capable of producing significantly less conservative values of
elastic follow-up factor.
7. Conclusions
In this paper, the linear matching method assessment
procedures were presented and compared with typical
applications of the R5 assessment procedures for a range of
cyclic problems involving changing residual stress fields,
which require the evaluation of plastic strain amplitude, ratchet
limit and accumulated creep strains during a high temperature
dwell periods. The methods in this paper and an accompanying
paper [11] form a complete integrity assessment procedure for
the high temperature response of structures.
The solutions confirm that the typical R5 solutions are
always conservative compared with optimal solution produced
by LMM. LMM, therefore, allows significant reductions in
conservatism. The form of the LMM allows it to be
implemented in a conventional commercial finite element
code, ABAQUS. This allows the method to become a general
purpose method which, unlike most programming methods,
does not requires specialist codes.
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